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Abstract. Motivated by the theory of bi-singular pseudodiffercntial opera- 
tors, we find an algebraic setting for a noncommutative residue defined first 
analytically for such operators. 

1. Introduction 

The Adler-Manin trace was discovered for one dimensional pseudodifferential 
symbols [TJ Q2] . It was generalized by Wodzicki to the algebra of pseudodifferential 
operators on a manifold of arbitrary dimension [22] . A vast generalization of Wodz- 
icki's noncommutative residue was obtained by Connes and Moscovici for spectral 
triples in the context of the local index formula in noncommutative geometry [5]. 
Also, a twisted version of the Adler-Manin trace was studied in [9]. 

In this paper, motivated by the theory of bi-singular pseudodifferential operators 
[17] , we find an algebraic setting for a noncommutative residue defined analytically 
in |14) . Fredholm properties, index and residue were studied for an algebra of 
pseudodifferential operators, denoted by HL[X\ x X 2 ), on the product of two 
manifolds X\ and X2 [14] • Considering the case X-y = X2 = S 1 , and writing I for 
the two sided ideal of the operators which are smoothing with respect to at least 
one of the variables on T = S 1 x S 1 , we get an isomorphism 

(1) HL(T)/I^V(A,8 1 ,5 2 ), 

where A is the direct sum of 4 copies of the algebra C°° (T) and §1 , 82 are the 
standard partial derivatives. Each element in the right-hand side of fl} has then a 
representation of the form 

M N 

(2) £ E ^ra, 



(om'n ) s ,t=i.2- We have for a G A the linearly independent traces 
T s ,t(a) = // a ( - s ^(x 1 ,x 2 )dxidx 2 , s,i = 1,2, 



and correspondingly 4 residues are defined by r s t (a_i i _i). 

Bi-singular operators P were originally studied, during the years 60's and 70's, 
under the form 

(3) Pf(z U Z2)=b Q (z 1 ,Z 2 )f(z 1 ,Z2) + - [ ^^'^ /(Cl^Ha 

+ — / — ~, f{ziX2)dC,2 2 // 7 TY( 7r/(Ci ; C2)dCirfC2, 

7T« Jgl C2 - Z2 TT Z JJ S 1 X §,1 (Zl - (l)(Z 2 - ( 2 ) 
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where we regard S 1 as the unit circle in the complex plane and we understood 
counter-clockwise integration in the Cauchy sense. We assume the functions &o, &i, 
&2,&i.2 are C°° with respect to all of the variables. These operators, bounded on 
L 2 (T), can be regarded as operators of order zero in HL(T), namely a m>n = for 
(m,n) 7^ (0,0) in ([2]). To respect the algebraic isomorphism in ([1]), one sets in ([2]) 

ao.o = {%% i )«,t=i,2 with 

a oto = t>o(zi,z 2 ) - {-iybi(zi,z 2 ,zi) - {-\) t b 2 {z 1 ,Z2,z 2 ) 

+ (-l) S+t b 1 , 2 (z 1 ,Z2,Z 1 ,Z 2 ), 

with Zj = e 27!ix i, j = 1,2. 

The literature in this connection is wide, involving problems of operator the- 
ory, harmonic analysis and several complex variables, see for example [2"51 |2~T1 [TU] . 
coming from the school of A. Zygmund, and [19j [X5l US [11], from the school of B. 
Simonenko. 

Starting from the 70's, bi-singular operators were reconsidered from the point 
of view of the theory of pseudodifferential operators, see [8] and [17], emphasizing 
the connection with the proof of the index theorem [3J. Roughly: the algebra 
HL(T) is obtained by composing P in ([3J with partial derivatives on T and their 
inverses. This originates terms of positive and negative orders in ([2]), and gives rise 
to non-trivial residues. 

A natural question is whether a related class of pseudodifferential operators 
exists, providing in (JlJ an isomorphism with ^(A, 8\, S 2 ) where simply A = C°°(T). 
To this end, we may address to the Toeplitz operators in a quadrant of [S] [7] El [2D] ■ 

This paper is organized as follows. In Section [2] we recall some standard notions 
and constructions, and the Adler-Manin trace in the one dimensional case. In 
Section [3j starting from an algebra A equipped with a trace which is invariant 
with respect to two derivations of A, we construct a two dimensional algebra of 
formal pseudodifferential symbols. Then, we define a noncommutative residue on 
this algebra and prove that it is a trace functional. In Section [4] as an example 
of our two dimensional analogue of the Adler-Manin noncommutative residue, we 
shall consider the residue of the bi-singular operators, already treated in [14] . 

2. The Adler-Manin Trace 

Let A be a unital associative algebra over C which is not necessarily commutative. 
Recall that a derivation on A is a linear map 5 : A —> A such that 

6(ab) = aS{b) + 8(a)b 

for all a, b e A. Given a pair [A, 8) as above, the algebra of formal differential 
symbols D(A,8) [IHEII is, by definition, the algebra generated by A and a symbol 
£ subject to the relations 

(4) £a-a£ = 8(a) 

for all a e A. There is a unique expression of the form 

JV 

D = J2 a *C, N>0, die A, 

i=0 



A TWO DIMENSIONAL ADLER-MANIN TRACE AND BI-SINGULAR OPERATORS 3 



for every element of D(A,5). We think of D as a differential operator of order at 
most N. Using one can prove by induction that 



n—j 



(5) £"«=E ■ H a)e 

for all a G A and n > 0. Using ([5]), we obtain the following multiplication formula 
mD(A,5): 

M N M+N , . v 

(E^)(E^)= E (E ;V^(M)r 

i=0 3=0 n=0 i,3,fe ^ ' 

where the internal summation is over all < k < i < M, and < j < N such that 
i + j — k = n. 

By formally inverting £ in _D(A,<5) and completing the resulting algebra, one 
obtains the algebra of formal pseudodifferential symbols of (A, S) [TJEI1II2], denoted 
by ^(A,S). More precisely, it is defined as follows. Elements of ^(A,S) consist of 
formal sums 

N 



D= E a ^ 



1 — — 00 



with a,i G A, and TV € Z. Its multiplication is defined by first extending (O to 
all n € Z: 



Here the binomial coefficient ("j for n G Z, and non-negative j G Z, is defined 

by (n) . = n(n-l)- ; (n-j+l) _ Notice ^ for n < Q ; 

we have an infinite formal sum. 

In general, for _Di = X)i=-oo ai £ 1 ' ana - ^ 2 = SjL-oo^if ' the multiplication is 
defined by 

M+N , . v 

^ = E (EuV fe ^)>" 

where the internal summation is over all integers i < M, j < AT, and k > such 
that i + j — k = n. 

Now consider a S-invariant trace t : A — > C. By definition, r is a linear map 
and we have 

r(ab) = r(ba), t(6(o)) = 0, 

for all a, 6 G A. The Adler-Manin noncommutative residue [1] 1131 112] . res : 
-> C is defined by 

N 

res( E a iC) = 

— oo 

One checks that res is indeed a trace, i.e. 

res [-Di,D 2 ] = 

for all £>i,Z?2 G ^(A, J). Equivalently, one shows that the map res : &(A, 6) —> 
A/([A,A]+im8) 

D i— > a_i mod [A, A] + im<5 
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is a trace on ^(A,S) with values in A] + im<5). 

A relevant example is when A = C°°(S 1 ), the algebra of smooth functions on 
the circle S 1 = M/Z, with 

r(/)= / f(x)dx, 5(f) = !' 
Jo 

for all / G C 00 (§ 1 ). Then the noncommutative residue coincides with Wodzicki 
residue on the algebra of classical pseudodifferential operators on the circle, see 
Section 2] below. 



3. Two Dimensional Noncommutative Residue 

In this section we extend the Adler-Manin trace to a two dimensional case where 
an algebra A equipped with two derivations S±, 62 ' A — > A is considered. Assuming 
that 8162 = 52&i, we define an algebra of formal pseudodifferential symbols, denoted 
by *f?(A, Si, 82) whose elements are formal series of the form 

M N 

E E Vffff. ay€ A, M,N eZ. 

m= — 00 n— — oo 

The multiplication of this algebra is essentially defined by the following relations: 

£1^2 = £26., 

&a = a& + <J,-(a), a e A, 

for i = 1,2. Similar to the one dimensional case described in Section [21 for any 
integer n, we define 

(6) .Uw - ', aeA > j = 1 ' 2 - 

3=0 

Using these relations, we can write the following explicit formula for the multipli- 
cation in ^>(A, Si, 62)- 



M N M' N' 

m— — 00 n— — 00 m' — — oo n' — — oo 

M N M' N' 00 , s , s 

E E E E E (7) nW^i^wo^'^ 

m= — 00 n— — 00 m ; — — oo n' — — oo i.j— 



m+m' — i^n+ra' — j 
2 



In the following, starting from an invariant trace r : A — > C, wc define a non- 
commutative residue on ^(A, Si, S2) and prove that it is a trace functional on this 
algebra. First we prove a lemma: 

Lemma 3.1. Let S : A — > A be a derivation and r : A — > C be a linear functional 
such that t o S = 0. Then for any a,b € A and non-negative integer i, we have 

r{5\a)b) = (-l)V(a<P»). 
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Proof. For any a,b G A, we have 

T(6(ab)) = T{S{a)b) + T{a6{b)) = 0. 

Therefore 

r(5(a)b) = -r(aS(b)), 
from which the lemma follows easily. □ 

Now we define a noncommutative residue and prove the main theorem: 

Theorem 3.2. Let r : A — > C be a trace such that r o <5, =0 for i = 1,2. TTiera i/ie 
linear functional Res : ^(A, <5i, <5 2 ) — > C defined by 

M N 

RCS ( E E SnffS) = T(«-l,-l) 
m— — oo n— — oo 

is a trace on ^(A, <5i, 02)- 

Proof. Let a, o G A and m, n, m', n' G Z. It suffices to show that 

Res(a^^6C'^') - RaWg'a^g). 
On the left side of the latter we have: 



i=0 

= a E (")^(&)£r'&' +n_i 



=0 



") -J ( m fti+n —« 



i=0 x 7 j=0 

oo oo 



- EE(I)(7)^(^r 



i=0 j=0 

Therefore 

(7) RcsKr^C'^ ') = r( J2 (") (7) 

where the summation is over all non-negative integers i,,? such that m+m' —j = — 1 
and n + n' — i = —1. 
Similarly we have: 



&er'£'a£ n £ = EE ( „• ) L- p^wcr™'-^ 

i=0 j=0 



m+m — l^n+n —1 
2 



Therefore 



= T 



- M>' + ME(™')C0<*i<4 



6 



FARZAD FATHIZADEH, MASOUD KHALKHALI, FABIO NICOLA, LUIGI RODINO 



where again the summation is over all non- negative integers i, j such that m + rnf — 
j = — 1 and n + n' — i = —1. Note that in the last two equalities, we have used the 
trace property of r and Lemma 13 . 1 1 respectively. Therefore, in order to show that 
(JT]) and ([HI) are equal, it suffices to show that if i,j are fixed non- negative integers 
such that m + m! — j = — 1 and n + n! — i = — 1 , then 

This is easy to see since 

(-ir(f) = {-iy f - n + l - 1 



, 1 . i {-n + i - + 2 - 1 - 1) • • • + i - f - i + f ) 

(n - i+ l)(n - i + 2) • • • (71) 



and similarly 



(-1) 



ml \ I m 



3 J \J 



□ 



Example 3.1. Let A = C°°(T), S 1 = <5 2 = J^-, and 

= / / f(0i,e 2 )dd 1 de 2 . 

Jo Jo 

Then 

A/ TV 1 1 

Res ( E E a mAi@)= / a-i,-i(0i,W0i<i0 2 . 



4. Singular and bi-singular operators 

We add here some detail concerning the bi-singular operators mentioned in the 
introduction. To be definite, we consider first the one dimensional case. 

Singular integral operators [2j [18] (Classical pseudodifferential operators of 
order N G Z on S 1 = K/Z). Classical pseudodifferential operators on the circle 
can be defined by a global symbol a(x, £), x G R/Z, £ G R, with an asymptotic 
expansion in homogeneous terms. Modulo regularizing operators, i.e. mapping 
V (S 1 ) — ► C 00 ^ 1 ), this algebra can be therefore identified with that of formal 
series 

JV 

(8) CT = E vW + «n,aWCi 



where = max{£, 0}, £_ = 



min{£, 0}. 
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This corresponds to the Adler-Manin algebra ^(A, S) = | J2n=~oo a «£" ji with 

A = C oo (S 1 )0C* oo (§ 1 ), 5=£, a„ = (a n ,i,a„, 2 ). There are two linearly indepen- 
dent traces on A, namely 

r s {a)= [ a {s \x)dx, 8 = 1,2, a = (a (1) , a' 2 ') G A, 



Jo 

and therefore two residues 

iV .i 

Res s ^ ^ a„£ n ) = T s (a_i) = / a„ :S (ir) efe, s=l,2 

n=-oo ^° 

which are known as Wodzicki's residues. 

Introducing on ty(A,5) the Toeplitz projection 

N 
n=— oo 

i.e. setting a n , 2 = for all n in ((8|), we may define the quotient subalgebra of the 
asymptotic expansions of the classical Toeplitz operators, cf. the example at the 
end of Section 2, where A is simply given by C 00 ^ 1 ). 

Bi-singular integral operators. We consider the so-called algebra of bi-singular 
integral operators on T — S 1 x S 1 , which are defined by a global symbol 

where x±,x 2 G K/Z, £i,£ 2 G R, with an asymptotic expansion in terms positively 
homogeneous with respect to £1 and £2 separately. Modulo sums of operators 
regularizing in x\ and, respectively, £2, they are identified with formal series 

M N 

a = Y Y fTm > n ' With a m,n= Y a ™?n( x l, x 2)€™ S t2,U 
m— — 00 n— — 00 s,i=l,2 

where 0,1 = max{^ , 0}, £,-, 2 = mfn{£j, 0}, j = 1, 2. 
This corresponds to the algebra 

M AT 
m— — 00 n— — 00 

considered in Section with 

A = C°°(T) 4 , 5i = ^-, <* 2 = ^-, a m , n = (a^) s>i=1)2 6 A 
axi 0x2 

Now we have four linearly independent traces on A, namely 

T s ,t(a) = / / a i - s ' t \xi,x 2 )dxi dx 2 , a = (a (M) ) G A, s,i = l,2, 
Jo Jo 

and therefore four residues 

M N 

Res M ( ^ ^ am, B ^') = T s ,t(a-i,-i), s,i = l,2. 

771 — — oo n= — oo 

They correspond to those found in [14 for general bi-singular operators on the 
product of two manifolds. 



iV'J IV 

!(A,S 1 ,5 2 ) = { £ E «m.nM} 



s 
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Note finally that the projection 

M N 

p ++°= E E a &$(xi,x2KiZh 

m— — oo n— — oo 

gives the algebra of the asymptotic expansions for Toeplitz operators in the quarter 
plane, corresponding to Example 13.11 
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